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Abstract—Network operators offer a variety of tiered services In [6] we investigated the benefits of tiered service in the
in which users may select only from a small set of tiers which context of MPLS networks. In particular, we considered the
offer progressively higher levels of service. Service burithg, ropjem of “sampling” the continuous range of possiblesate
whereby several services are combined together and sold as . . .

a single package, is also common in the telecommunicationst© S€lect a small set of discrete bandwidth levels (uerg) .th
market. We consider the problem of determining optimal tieing areé made available to users, and we presented a sophidticate
structures for service bundles using tools from economicsral dynamic programming algorithm of linear complexity to ob-
utility theory. Our work provides insight into the selection and  tain the optimal set of bandwidth tiers. The main contribati
pricing of Internet tiered services. of this study was to demonstrate that the benefit of offering
|. INTRODUCTION a small, predetermined set of tiers rather than supporting

arbitrary rates over a large continuous range comes almost
free, as the performance degradation (e.g., in termsbf ¢
cking) compared to a continuous-rate network is nelgléyi
A more recent work [5] we developed an economic model for
reasoning about and pricing Internet tiered services.

In [5], [6] we considered a single network service. With
e proliferation of network service bundles, it is desieatn
esign multi-dimensional tiered structures, where eaotedi

jon corresponds to a certain level of one distinct servidbe
émdle. Note that tiering is even more important for service
R ndles since the space of potential service levels growseas

The termproduct/service bundle refers to combining several
products or services together and selling them as a sing
package. Product bundling is widely used as a marketi
strategy [3]. Bundles are often priced at a discount to t
total price that their constituent products or services ldiou
fetch if they were sold separately. Bundling can be benéfici
to both consumers and sellers. The former, in addition gla
the lower overall price, may appreciate the lower transacti
costs and simplified decision process compared with shgpp
for individual products or services, and may experience

better overall performance due to complementarities amo : .
the bundle components. For sellers, bundling has the paten? duct of the space for each service component. The obgecti

to reduce production and transaction costs, reduce custorﬁﬁ‘ethls case would be to determine a tiered structure that is

churn, and increase revenue and profitability. In part'rcul:i.omtly optimal for a vector of network services. With such a

bundling is most successful as a marketing strategy whaene%rehd stru_cture, auser V;”th algert%m Igt\)/eltoft[]qulre{ﬁ:fn -
the marginal costs of bundling are low, customer acqu'rsitioeaC service component would subscribe to the tier thatite
evel at least equal to its requirements across all dimessi

costs are high, and there are economies of scale in rodt . . . .
g b service. In [4] we modeled this problem as a directignal

tion and distribution of the bundled products. ConsequentP di blem i itivle di . d h dit t
bundling is common in industries that share these chaie\cte{)ne 'an probiem In Muitipie dimensions and we showed 1t 1o

tics, including the telecommunications and cable TV indyst e NP-complete. We also employed concepts from location

the software business, and the fast food industry, amoregsth the_ory to_ d_evelop efficient algonth_ms that consFruct near-
optimal tiering structures for service bundles given some

Network operators have also developed a varietyietd . ; i ding th d q d th t to th
service models in which users may select only from a smalformation regarding the user demands an € cost fo the
rovider for providing the services.

set of servicetiers which offer progressively higher levelsP . . -
of service. Service bundles, and associated tiered stes;tu Ir_1 th's_ paper we consider the _problem of det_ermmmg
are prevalent in the telecommunications market. For iru:«;at,anom'mal tering structures for service bundles_usmg tQOIS
wireless providers combine voice, data, and text services ifrom economics and utility theory. The paper 'S organized
s follows. In Section Il we develop an economic model for

tiered subscription packages marketed to users, whereea gi . ;
b P g 9 undled network services, we introduce the Cobb-Douglas

tier corresponds to a certain combination of values for &oic . . ; T

minutes, Internet data, and text messages available to ﬁ:&'é'ty_’ and formall_y de_flne the problem O.f ;electmg jointl

user during the billing period. Similarly, ISPs may bundle € _tle_rs and t_helr prices so as to maximize the expected
\}?(l:‘oflt (i.e., provider surplus [2]) of the ISP under user betdg

broadband access service with an email or web hosting ger raints. In Section 1l develop d ) ;
(for which fees may be based on the amount of traffic handle§fnstraints. in section il we develop dynamic programming
gorithms both for the case of predetermined tiers (i.bgnv

and possibly an online storage service (characterized &y | L biect t timizati d th | .
amount of data the user may store on the provider’s server%?.y price IS subject to optimiza |on_) and the general vetsi
of the problem. We present numerical results in Section 1V,

This work was supported by the NSF under grant CNS-0434975. and we conclude the paper in Section V.



Il. ECONOMIC MODEL OF SERVICE BUNDLING

Consider an ISP that offers two services. One service,
characterized by parameter (e.g., access speed), may be
offered at levels between a minimum,,;, and a maxi-
mum z.,.,. The second service, say, web hosting, is also
characterized by a single parametete.g., corresponding to
monthly amount of traffic handled), with also taking values
between a minimuny,,;, and a maximumy,,.. level. The
ISP bundles the two services into a package, and offers a Y ‘ !
tiered structure withp tiers for the combined service. We let l _ l
Z ={(z1,t1), ..., (2, t,)} denote the set qf distinct service omin Servicex max
tiers, where thej-th tier (z;,2;),t = 1,...,p, corresponds to Fig. 1. Indifference curved, ..., Ir, such thatl/(z,y) = constant along
an amountz; for servicex and an amount; for servicey.  each curve (utility is measured on the verticahxis)

We let C(z,y) denote the cost to the ISP of offering
a service bundle(z,y) of the two services. We also let
P(z;,t;),7 =1,...,p, denote the price that the ISP chargeas the quantity of one service or goodrespectivelyy) that
subscribers to tier(z;,¢;). Without loss of generality, we is consumed increases, it must be offset by a decrease in the
assume that tiers are labeled such that guantity consumed of the other gogdrespectivelyx), so as

) to keep utility (satisfaction) constant.
Plzj-1,ti1) < Plzpty), j=2....p. (1) The Cobb-Douglas family of functions [1] generate indif-
For mathematical convenience, we also define the “null” séerence curves with the characteristics shown in Fig. 1 and
vice tier(zo = 0, to = 0) with price P(zo, o) = 0, aswell asa are widely used as utility functions in this context. This
fictitious (p + 1)-th service tier such thal(z,; 1, t,+1) = oc. parameterized family of functions is defined as:

The value that users receive from a bungdey) of the
two services is described by the utility functiéf(z,y). In Uy = =y 0<a<l, 3)
essence, the utility function imposes a pairwise ranking of
bundles by order of preference, whereferenceis a transitive Wherea is a parameter whose value is used to specify a certain
relation. More precisely, it/ (z,y) > U(z',y’), then bundle function within the family. Then, the indifference curve fa
(z,y) is said to be strictly preferred to bundie’,y’). On constant levek of utility is given by:
the other hand, iU (z,y) = U(2’,y’), the two bundles are L.
equally preferred, and the consumer is said toirmkfferent Yy = ul-agT-«a (4)
between the two bundles. In particular, a curve

Service y

We will use the Cobb-Douglas utility in (3) as the utility
function in this paper.

is referred to as amndifference curve since the user has no We make the assumption that each user has a budget
preference for one bundle over another among the bundfds Where B is a random variable defined in the interval
represented by points along this curve. In other words, ea@hnin: Bmaz]. We let f(B) and F'(B) denote the PDF and
point on an indifference curve provides the same level &DF, respectively, of random variablg. We make the as-
utility (value, or satisfaction) to the user. Indifferencerves sumption that a consumer will make a purchase if and only
are typically used to represent demand patterns for pragtuctf the price of the product is no greater than the consumer’s
service bundles observed over a population of consumers. budget. More specifically, given a sgtof p tiers and a price
Fig. 1 shows a set of indifference curves, each associafdtHcture consistent with (1), a user will subscribe to fke t
with a different utility level. In this figure, utility is mesured (2;,t;) with the highest index whose priceP(z;, ;) does
along thez (vertical) axis, and the indifference curves ar80t exceed the user’s budgbt
simply the projections of the functidii(x,y) = u, for various ~ We are interested in selecting a set of service tiers for
values of constant, on thexy plane. In Fig. 1, users would the bundled services, and determining their prices, so as to
rather be on curvd, rather thanly; they would also rather maximize the expected provider surplus (i.e., profit). W& ca
be on curvely rather than onls, and so on, but they do notthis the maximization of expected provider surplus in two
care where they are on a given indifference curve. Indiffeee dimensions (MAX-ES-2D) problem, defined formally as:
curves are similar to topographical maps, in that each pointProblem 2.1 (MAX-ES-2D): Given the cost and utility
along a given curve is at the same “altitude” above the flodunctions C(z,y) and U(z,y), respectively, defined in the
The characteristics of the curves in Fig. 1 are typical @fomain|[zin, Tmaz] X [Ymin, Ymaz), and the CDFF(B) of
indifference curves in general. Specifically, indifferemurves user budgets, find a sét = {(z1,¢1),. .., (zp, tp)} Of p ser-
are defined only on the positive quadrant of thg plane, vice tiers and their respective pricé¥z;,¢;) that maximizes
and they are negatively sloped and convex; in other wordke following objective function representing the expedcte

U(xvy) = u 2



provider surplus: B. Cost Minimization on an Indifference Curve

Before we tackle the general version of the MAX-ES-2D
((P(zj,t) — C(2j,t5)) problem, we note that, because of Lemma 2.1, each tier in an
=1 optimal solution is the point on an indifference curve witle t
X (F(P(zj41,tj41)) — F(P(2,t;)))) (5) minimum cost among all points on this curve. Therefore, let
us consider the optimization problem of the form:

M

Qlﬂ‘(z) =

under the constraints: Minimize C(z,y) subjectto U(z,y) —u.  (10)

P(z1,t1) < P(22,12) < ... <P(zp,ty)  (6) Depending on the form of the cost and utility functions,
this problem may be solved exactly or approximately using
P(z,t;) < Ulzjty), j=1,...,p (7) standard optimization techniques. Here we will only coesid
cost functionsC(z, y) that are linear functions of andy:
Tmin < 25 < Tmaz, Ymin < t; <Ymaz, j=1,...,0 (8) C(x,y) = caz + cy. (11)
Note that the termd’(P(zj41,tj41)) — F(P(25,t5)),j = Assuming Cobb-Douglas utility functions as in (3), we may

1,...,p, in the right-hand side of (5) represent th&olve fory as a function ofz:

fraction of users whose budgets fall in the intervals w1/ (1)

[P(zj,t;), P(zj+1,t;41)), hence they will subscribe to tier y = (:c_a) (12)
j (recall also that we have defind@(z,+1,t,+1) = oo, and o i ) )

that F(P(zp41,p41)) = 1). Also, constraint (7) states thatSubstltutmg this \{alue of; into the cogt functlop (11), we
the price of a service tier has to be no greater than theyutilfPt&in an expression for the cost that is a functior afnly:

(value) of this tier to users, since otherwise users will not u\1/1-a)
subscribe even if their budget allows them to do so. Clz) = ar + e (l._a) : (13)
We have the following result. . The first and second derivatives 6fx) are:
Lemma 2.1: Let Z = {(z1,t1), ..., (2p, tp)} be an optimal
solution to MAX-ES-2D. Letu; = U(zj,t;),5 = 1,...,p. C'z) = 1t uts ( —a >:cﬁ (14)
Then, for all j, tier (z;,t;) is the point on the indifference l-a
curveU (z,y) = u; that minimizes the cost'(z, y). C'z) = e e LI = (15)
Proof. By contradiction. Assume that in the optimal solution (1-a)?

the j-th tier is such thal’(z;, ;) is not the minimum cost |f there are no other constraints, we can justdétz) = 0,
point on the indifference curv€/(z,y) = u;. Let (2},17) be and obtain the optimal values:
such a minimum cost point, and I&t be the solution derived o1 N
from Z with (z;,1;) replaced by(2/, ;). Since the utility and . _ (01(1 - 04)) V= (01(1 - CY)) . (16)
price of thej-th tier is not affected by this change, from (5) it Cotu ’ Cocx
is clear thatQpT(_Z’) > pr(Z), contradicting the assumption,, ;¢ easy to prove thaf” (z*) > 0. Thus,C(z) achieves its
that Z is an optimal solution. B inimum value at*, hence the original cost functiafi(z, y)
is minimized at(z*, y*).
lll. A PPROXIMATE SOLUTION TO MAX-ES-2D Recall, however, that: and y are defined only between

A The Fixed Tier Case respe_ctivg minimum and maximum v_a_lues. Consid(_er the above
optimization problem under the additional constraints:

Consider first a special variant of the MAX-ES-2D problem
in which the p service tiers are predetermined and part of
the input, and not subject to optimization; this varians@si |t easy to see that whem < z*, C’(z) < 0, and when
in the case of the uniform and exponential tiering Stru(ﬂur% > x*, C/(x) > 0. Consequen“y’ whenever the unconstrained
that we introduce in Section IV. The cost of each tier |ﬁ]|n|mum point (x*,y*) from (16) lies outside the feasible
completely determined in this case, and for simplicity we lgegion defined by constraints (17), the minimum point within
Cj = C(zj,t;),j =1,...,p. The price of each tiej is equal the feasible region can be obtained as follows:
to the utility, i.e., P; = P(z;,t;) = U(zj,t;), and we let .
Py = P(xminvymin) = U(xminvymin>- Hence, the provider’s o if 2% > Zpos, thenz” = Tmae, andy* = (w“‘u ) ;

Tmin S x S Tmax Ymin § Yy S Ymazx- (17)

max

surplus for a fixed tier structurg can be obtained from the
following expression:

o if 2% < xpin, thenz* = x,,,;,, andy* = ( _u )1%;

x .
min

p—1

Q(Z) =) (P~ C))(F(Pj1) — F(F;)) 9)

j=0

1
o if y* > ymas, thenz* = (%) ﬂ' andy* = Ymaz: and

Ymaz

Q=

o if y* < Ymin, thenz* = (%) , andy* = Ymin.

min



C. Service Tier Optimization (omitted due to space constraints) which indicate tRat=

The most general version of the MAX-ES-2D problemi00 is sufficient for the dynamic programming algorithm to
involves the selection of service tiers and their respecticonverge; hence, we use this value in the performance study
prices so as to maximize provider surplus, subject to thee present in the next section.
constraints (6)-(8). The utility functiod/(z,y) provides a

. . . . IV. NUMERICAL RESULTS
relative ranking of service bundlefg,y) in terms of user

preference, and the utility of any service tier will lie ineth In ord_er to evaluate t|¢r|ng structures for service bundles
we consider an ISP offering a bundle of two services, namely,

interval mins Ymazx|s here min — mins Ymin and . . .
IU v :[UU(xU y] W) Th(e]refore t(é((axprobZIJem )can peBccess speed and web hosting traffic handled The domain

- : . f servicex is [256 Kbps, 12 Mbps], while the domain of
logicall lems: 0
oglca.y decompqsed Into two subprob em.s servicey is [100 MB, 1 TB]. We consider the following tiering
1) find the indifference curve; (i.e., utility valueu; €

Unin, U, ) on which each optimal service tierSthtures in our study:
[Unmin, .ma“’] . pa ) 1) Optimal: the set of tiersZ = {(z1,t1),...,(2p,tp)}
(zj,t;) lies and set the price of the tier tg; and . . : .
: T . obtained as a solution to the dynamic programming
2) set tier(z;,t;) to the point in indifference curvg;, j = algorithm (18)-(20), where; € [256 Kbps, 12 Mbps]
1,...,p, that minimizes the provider cost(z;, t;). g ' ! PS, P

i : and¢; € [100 MB, 1 TB].
The second subproblem was addressed in the previous subseg Optimal-rounded: the set of tiers obtained after round-
tion. Next, we develop a dynamic programming solution for ing the values of each tiefz;, ;) € Z such that, is
the first subproblem. _ o _ _ rounded to the nearest multiple of 256 Kbps ands
To this end, we employ a discretization technique. Specif- . nded to the nearest multiple of 100 MB.
ically, we divide the domain[Usmin, Umaz| Of the utility 3y ypiform-uniform: the tier structure constructed by (1)
function U(z) into K > p equal-length sub-intervals, such

. i . ' obtaining a uniform tiering structurézy,...,z,} for
that the right endpoint/;, of the k-th sub-interval isU; = servicez by spreading they tiers across the domain

k(Umraw_Um,mn — . .

Somer_—min =1, .. 5 K. We also res_trlc_t the tiers to take [256 Kbps, 12 Mbps], (2) obtaining a uniform structure
values only from the discrete s, } of indifference curves, {t1,....t,} for servicey by spreading thep tiers
rather than the continuous S@fmin, Umas). Let T (k, 1, w) across the domain [100 MB, 1 TB], and (3) pairing the
denote the optimal value of (5) when there &rsub-intervals, tiers of same index in the two sets to form the tiers
[ tiers and thé-th tier is set at the indifference curve of utility {(21,£1), .., (2p,1,)} for the bundle.

value Uy, w < k. Let alsoCy,w = 1,..., K, denote the 4) Exponential-exponential: this tier structure is obtained

minimum cost on the indifference curve of utiliy,,. Then,

) ' ] in a similar manner as uniform-uniform, except that the
we may write the following recursion:

p single-service tiers divide their respective domain into
Yk, 1,w) = (Uw—CH)(F(UL) - F(Uy)), exponential intervals (i.e., intervals that double in ldmg

_ o from left to right).
f=l.. Kw=1..,k (18) 5) Uniform-exponential: the tier structure in whichp

T(k,l+1w) = Jax {(Uw = CL)(F(Uk) — F(Uw)) uniform (respectively, exponential) tiers are obtained fo
servicer (respectively, servicg), which are then paired
+ max {T(q,l,u)}} to obtain thep tiers for the service bundle.
V=l,...,q

6) Exponential-uniform: the tiers for service: are expo-
nential and those of servigeare uniform.
Expression (18) can be explained by noting that when thexete that uniform and exponential tiered structures are sim
are k sub-intervals and only one tier with a price setlfg, ilar to those employed by major ISPs (e.g., ADSL tiers of
the customers who subscribe to the service at this price &@8 Kbps, 1.5 Mbps, 3 Mbps, 6 Mbps, etc). For the last
those with budgets equal to or greater tHap, or a fraction four tiering solutions, thep > 1 service tiers are fixed.
(F(Ux) — F(Uy)) of the total user population. For eachTherefore, the provider surplus in this case was obtairzu fr
subscriber, the provider has a profit 8, — C, hence the expression (9).
expected surplus is given by (18). Expression (19) can beWe use the Cobb-Douglas utility function in expression (3)
similarly explained. Oncér (k,l,w) has been computed forwith parametera = 0.6, and a linear cost function as in
all values ofk, I, andw, the overall optimal forp tiers and expression (11), withe; = 0.1 and c2 = 0.01; these values
K intervals can be determined as: for ¢; and ¢, were selected so that neither term of the cost
function dominates across the domains of serviceand y.
max (K, p,w) (20)  pjots of the utility and cost functions are shown in Fig. 2.
The overall running time complexity of this dynamic program N Order to study the effect of the distribution of user
ming algorithm isO(pK%). budgets, we consider three distinct distributions in thedi
As K — oo, this discrete version of MAX-ES-2D ap- [Binin = 10’3;'”% - 1900]f
proaches the original version in which the tiers are comtisu ¢ @ decreasing distribution, f(B) = Ty +
variables. We have conducted a large number of experiments (BQ% with mean 345, in which the mass of the

max _Bm,mn )2 !

l=1,...,p—1; k=2,... . Kiw=1,...,k.  (19)

4



20000 aat—t

JUPREPERS SN S
(-’«J_,_,.y-v - P

e g B R QR R

80000 -

70000

60000

50000

40000

30000

20000

15000 L R

Provider Surplus

10000 | 3 4
10000 P :
0 ﬁ
5000 4
Optimal —+—
Optimal-rounded ----e--
Uniform-Uniform -----
« (Bandwidth, Mbps)  © Eﬂggﬁﬂnﬁéf’ﬁ"ﬁ&‘,‘ﬂ N
8}:5{ I o o ) ) ) ) ) . Exponential-Exponential -~
0 2 4 6 8 10 12 14 16 18 20
Number of tiers, p
Fig. 2. Utility and cost functions used for the experiments Fig. 3. Tiered structure comparison, decreasing budgéthiiton
distribution is concentrated at lower budget values (less 30000 -

affluent population),
« auniform distribution with PDFf(B) = g—15— =
555 and mean 495, and
« an increasing distribution, f(B) =

25000 -

20000 -
2B
(Bmaz_Bm,ML)z

15000 -

Provider Surplus

mfﬁw, with mean 650, in which the mass of the
distribution Is concentrated at higher budget values (more 10000 - ]
affluent population). ol om0 2 |
Figs. 3-5 plot the expected provider surplus for the de- EFJ‘E;Um: :
creasing, uniform, and increasing, respectively, distién of B S

Number of tiers, p

user budgets. Each figure shows six curves, corresponding Fig.
to the six tiered structures above. A first observation ig, tha

for a given tiered structure and a given number of tiers, the
expected provider surplus depends directly on the didtdbu

of user budgets. Specifically, the provider surplus in@eas

from Fig. 3 (decreasing distribution) to Fig. 4 (uniform tdis

bution) to Fig. 5 (increasing distribution). This resultlisectly S0
due to the fact that the average user budget is lowest under
the decreasing distribution and highest under the inangasi
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of at least one service are the worst performers in terms of
provider profits. This behavior demonstrates that expaalent
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